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PAPER

Computation of Floquet Multipliers Using an Iterative Method for
Variational Equations
Yu NUREKI†a) , Nonmember and Sunao MURASHIGE††b) , Member

SUMMARY
This paper proposes a new method to numerically obtain
Floquet multipliers which characterize stability of periodic orbits of ordinary diﬀerential equations. For suﬃciently smooth periodic orbits, we can
compute Floquet multipliers using some standard numerical methods with
enough accuracy. However, it has been reported that these methods may
produce incorrect results under some conditions. In this work, we propose
a new iterative method to compute Floquet multipliers using eigenvectors
of matrix solutions of the variational equations. Numerical examples show
eﬀectiveness of the proposed method.
key words: numerical method, stability, ordinary diﬀerential equations,
periodic orbits, Floquet multipliers

1.

Introduction

This paper studies numerical methods for stability analysis
of periodic orbits of ordinary diﬀerential equations given by
dx
= f (t, x)
dt

with

f (t + T, x) = f (t, x),

(1)

where T denotes the period, x ∈ RN , and f : R × RN → RN
is of class C2 . This is a non-autonomous system and its
solution with an initial condition x(t0 ) = x0 can be written
in the form
0
x(t) = ϕt−t
t0 (x0 ) .

(2)

A periodic solution with the period T satisfies
x(t0 + T ) = ϕTt0 (x0 ) = x0 .

(3)

Time variation of a small perturbation u(t) of this periodic
solution x(t) is governed by

du
∂ f 

=
u(t) with u(t0 ) = u0 .
(4)
0
dt
∂x t, x=ϕt−t
t0 (x0 )
The solution u(t) of (4) can be expressed as
u(t) = X 0 (τ) u0

(5)

with the matrix solution X0 (τ) ∈ RN×N (τ = t − t0 ) of the
variational equations given by
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dX0 ∂ f 

=
X 0 (τ) with X 0 (0) = I ,
dτ
∂x t=t0 +τ, x=ϕτt0 (x0 )

(6)

where I denotes the identity matrix. Eigenvalues λ j ( j =
1, 2, · · · , N) of the matrix solution X 0 (T ) of (6) determine
the stability of the periodic orbit. These eigenvalues are
called Floquet multipliers.
There are various numerical methods to solve periodic
orbits of (1) such as the shooting method and the collocation method [3], [8], and some standard bifurcation analysis
tools such as AUTO [4] are easily available. On the other
hand, it has been reported that these commonly used numerical methods can incorrectly catch stability of periodic orbits
under some conditions, even if the periodic orbits were accurately computed [5], [9], [10].
For example, Fig. 1 shows computed results of Floquet
multipliers λ1 and λ2 of the nonlinear Mathieu equations [7]
dx
= y,
dt
dy
= −(1 + p cos t) sin x ,
(7)
dt
using one of conventional methods “Method 1” which is
summarized in Sect. 2. We can find erroneous results in the
smaller Floquet multiplier λ2 for the parameter p > 20 in
Fig. 1. It should be noted that the ratio |λ1 /λ2 | drastically increases with p for p < 20. Lust indicated this type of trouble
to compute Floquet multipliers and developed an improved
algorithm [9]. His method divides a periodic orbit into some
sub-orbits, and computes the expanding or contracting rates
of perturbations on each sub-orbit using the periodic Schur
decomposition [2] of X0 (T ). Finally, we can get the Floquet
multipliers by multiplying those rates.
In Lust’s method [9] and some conventional methods,
the variational Eqs. (6) are solved as initial value problems
in which it is hard to control numerical errors. In the previous work [12], we showed that such a numerical method for
(6) may cause some troubles to obtain accurate Floquet multipliers. Also, when the ratio of eigenvalues of the matrix
X 0 (T ) is large as shown in Fig. 1, some elements of X0 (T )
can be considerably large, and round-oﬀ errors may aﬀect
numerical computation of Floquet multipliers.
The basic ideas of this work are to construct an iterative method for the variational equations (6), and to use
eigenvectors of X0 (T ) as the initial condition of (4) or (6).
The iterative method enables us to control accuracy of computed results of the variational equations. The initial condition X 0 (0) of (6) can be set to any non-singular matrix.
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3.

The Proposed Method: Method 2

This section proposes a computational method to iteratively
solve variational equations and obtain Floquet multipliers.
The ideas are to construct an iterative method for the variational equations using a property of solutions of diﬀerential
equations, and to use eigenvectors of X 0 (T ) as the initial
condition of (4) or (6).
Fig. 1 The Floquet multipliers λ j ( j = 1, 2) computed with the conventional method “Method 1” for the Mathieu equations (7). p: the parameter
of the equations.

Suitable choice of the initial condition X0 (0) reduces errors
of numerical computation of eigenvalues of X 0 (T ), namely,
Floquet multipliers.
Section 2 summarizes a standard method of computation of periodic orbits, namely, the multiple shooting
method. Section 3 proposes a new iterative method to compute Floquet multipliers using eigenvectors of X0 (T ). The
proposed method can also be applied to autonomous systems with minor modifications. Section 3.3 describes the
computational method for autonomous systems. Section 4
shows some results of numerical examples.
2.

The Multiple Shooting Method for Periodic Orbits:
Method 1 [3], [8], [14]

The multiple shooting method is one of standard methods
to compute a periodic orbit of (1). This method divides the
periodic orbit with the period T into M + 1 sub-orbits such
that
xk+1 = x(tk+1 ) =

ϕhtkk (xk )

for k = 0, 1, · · · , M,

(8)

where t0 < t1 < · · · < t M < t M+1 = t0 + T , hk = tk+1 −
tk and x M+1 = x0 . For non-autonomous systems (1), the
period T is given and each time tk can be fixed. Using an
iterative method such as Newton’s method for (8), we can
obtain approximate solutions of xk .
Writing τ = t − tk , we can express the variational equations (6) for each sub-orbit as

dXk ∂ f 

=
Xk (τ) with X k (0) = I ,
(9)
dτ
∂x t=tk +τ, x=ϕτtk (xk )
for k = 0, 1, · · · , M where Xk (τ) ∈ RN×N . Floquet multipliers are eigenvalues of the matrix solution X 0 (T ) given by
X0 (T ) = X M (h M ) · · · X 1 (h1 ) X0 (h0 ) .
get ϕhtkk (xk ) and

(10)

We can numerically
Xk (hk ) using the RungeKutta method, and the Floquet multipliers using standard
tools for linear algebra such as LAPACK [1].
This is one of the commonly used methods for stability analysis of periodic orbits using the multiple shooting
method. Hereafter we call this method “Method 1.”

3.1 An Iterative Method for the Variational Equations [12]
The map ϕτtk in (2) has the following property
ϕτ+σ
= ϕσtk +τ ◦ ϕτtk
tk

for

τ, σ ∈ R .

(11)

This property gives
hk
−sk
k
ϕhtkk −sk (xk ) = ϕ−s
tk +hk ◦ ϕtk (xk ) = ϕtk+1 (xk+1 ) ,

(12)

where sk = ρk hk with constant ρk ∈ [0, 1] for k =
0, 1, · · · , M. Then, it follows that
k
gk (xk , xk+1 ) := ϕhtkk −sk (xk ) − ϕ−s
tk+1 (xk+1 ) = 0 .

(13)

Also, solutions of the variational equations (9) have
the above property. Writing the solution as X k (τ) =
=
Ψτtk ,xk (X k (0)) where the map Ψτtk ,xk satisfies Ψτ+σ
tk ,xk
Ψσtk +τ, x(tk +τ) ◦ Ψτtk ,xk (τ, σ ∈ R), we can express the property as
Qk (xk , xk+1 , Xk (hk ))
k
:= Ψhtkk,x−sk k (X k (0)) − Ψ−s
tk+1 ,xk+1 (X k (hk )) = O ,

(14)

where O denotes the null matrix and X k (0) is set to the identity matrix X k (0) = I.
Introduction of sk enables us to solve not only ordinary
diﬀerential equations (1) but also variational equations (6)
using an iterative method for gk (13) and Qk (14). We can
iteratively get the approximate solutions x̃k , X̃k (hk ) such that
(13) and (14) are simultaneously satisfied with enough accuracy. Then the convergence conditions of the method are
given by
d1 := max g̃k  < δ1 ,

(15)

d2 := max Q̃k  < δ2 ,

(16)

0≤k≤M

and
0≤k≤M

with suﬃciently small δ1 , δ2 > 0 and
Q̃k  = ( q̃1 q̃2 · · · q̃N ) := max  q̃ j  ,
1≤ j≤N

(17)

where g̃k and Q̃k denote the approximate solutions of (13)
and (14), respectively, and q̃ j denotes the j-th column vector of the matrix Q̃k . We can compute g̃k and Q̃k using the
Runge-Kutta method. These conditions can be used as indices for accuracy of solutions.
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3.2 The Initial Condition of the Variational Equations
As stated in Sect. 1, the initial condition X 0 (0) of the variational equations (6) can be set to any non-singular matrix.
This section shows that errors of computing eigenvalues can
be reduced using eigenvectors of X 0 (T ) as the initial condition.
Let u j,0 ∈ CN ( j = 1, 2, · · · , N) denote the linearly independent normalized eigenvectors for the Floquet multipliers
λ j ∈ C, namely,
λ j u j,0 = X 0 (T ) u j,0 .

(18)

0
Consider a solution u j (t) = ψt−t
t0 , x0 (u j,0 ) of (4) with the initial
value u j,0 . Write solutions u j (t) at t = tk as u j,k := u j (tk ) =
0
ψttk0 −t
, x0 (u j,0 ) for k = 1, 2, · · · , M + 1. Then u j,k and u j,k−1 are
related by
k−1
u j,k = ψhtk−1
, xk−1 (u j,k−1 ) = X k−1 (hk−1 )u j,k−1 ,

(19)

where X k (hk ) is a solution of (9). From this we get
u j,k = Xk−1 (hk−1 )Xk−2 (hk−2 ) · · · X 0 (h0 )u j,0 .

u j,k+1
u j,k ψhtkk, xk (u j,k )

.

(25)

Thus (24) can be rewritten in the form


λ j = u j,0 , ψhtMM, xM (u j,M )  u j,M 


ψhtMM, xM (u j,M )
= u j,0 ,
ψhtMM, xM (u j,M )
ψhtMM, xM (u j,M )
M−1
 ψhtM−1
, xM−1 (u j,M−1 )   u j,M−1 

 M
ψhtMM, xM (u j,M ) 
ψhtkk, xk (u j,k ) .
= u j,0 ,
ψhtMM, xM (u j,M ) k=0

(26)

In order to obtain accurate Floquet multipliers using
(26), we modify the method in Sect. 3.1 so that the normalized eigenvectors u j,k of X k (T ) are iteratively computed. Using the eigenvectors u j,k , we set the initial condition of (9)
as

X̂k (0) = u1,k u2,k · · · uN,k .
(27)
Then, equations (19), (23)–(25) yield

(20)

Furthermore, using (10) and (18), we can obtain
λ j u j,k = λ j X k−1 (hk−1 ) · · · X0 (h0 ) u j,0
= Xk−1 (hk−1 ) · · · X0 (h0 )X 0 (T ) u j,0
= Xk−1 (hk−1 ) · · · X0 (h0 )X M (h M ) · · · X k (hk )
X k−1 (hk−1 ) · · · X0 (h0 ) u j,0
= Xk (T ) u j,k .
(21)

X̂k (hk ) = Ψhtkk,xk ( X̂ k (0))

= ψhtkk, xk (u1,k ) ψhtkk, xk (u2,k ) · · · ψhtkk, xk (uN,k )

= u1,k+1 u2,k+1 · · · uN,k+1 Dk
= X̂k+1 (0) Dk

for

k = 0, 1, · · · , M ,

(28)

where X̂ M+1 (0) = X̂ 0 (0) and Dk ∈ RN×N are the diagonal
matrices such that
Dk = diag ψhtkk, xk (u j,k ) ,

(29)

1≤ j≤N

Here the following relation is used
Xk (T ) = X k−1 (hk−1 ) · · · X 0 (h0 )X M (h M ) · · · Xk (hk ) . (22)
From these, we can see that u j,k is an eigenvector for an
eigenvalue λ j of Xk (T ).
Since u j (t0 + T ) = X0 (T )u j,0 , it follows from (18) that
λ j u j,0 = u j (t0 + T ) = u j, M+1 = ψhtMM, xM (u j,M ) ,

(23)

for k = 0, 1, · · · , M − 1 and
D M = diag  u j,0 , ψhtMM,xM (u j,M ) .

(30)

1≤ j≤N

Since u j,k and ψhtkk,xk (u j,k ) are the j-th columns of X̂k (0) and
Ψhtkk,xk ( X̂ k (0)), respectively, Dk depends on xk and X̂k (0).
Equation (14) can be rewritten as
Qk (xk , xk+1 , X̂k (0), X̂ k+1 (0))

and
λ j =  u j,0 , u j (t0 + T ) =  u j,0 ,

ψhtMM,xM (u j,M )

,

(24)

where · , · denotes the inner product. Using (24), we
can compute the Floquet multiplier λ j with relatively small
round-oﬀ errors, even if some elements of the matrix X0 (T )
are considerably large. It is because (24) does not require
transformation of X 0 (T ) which is commonly used in computation of eigenvalues of a matrix and may cause round-oﬀ
errors.
In addition, in order to avoid overflow of computed results, we normalize u j (t) at every t = tk as u j,k = u j,k /u j,k .
This is similar to the computation of Lyapunov exponents
[15]. Then u j,k+1 can be expressed as
u j,k+1 =

u j,k+1
u j,k+1
= h
k
u j,k+1  ψt , x (u j,k )
k k

k
= Ψhtkk,x−sk k ( X̂ k (0)) − Ψ−s
tk+1 ,xk+1 ( X̂ k+1 (0)Dk ) = O .

(31)

An iterative method for (13) and (31) can control errors of
approximate solutions xk and X̂ k (0) with thresholds δ1 (15)
and δ2 (16).
The proposed method can be summarized as follows:
First, we compute the periodic solutions xk using the iterative method for (13). Next, we can get Floquet multipliers
λ j ( j = 1, 2, · · · , N) and X̂k (0), namely, the corresponding eigenvectors u j,k using the above method. We call this
method “Method 2.”
3.3 Application to Autonomous Systems
The proposed method “Method 2” can be applied to autonomous systems given by
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dx
= f (x) ,
dt

(32)

where f : RN → RN is of class C2 . For autonomous systems, the time intervals hk = tk+1 − tk (k = 0, 1, · · · , M) are
M
hk . Since the initial time
unknown and the period T = k=0
t0 can be set arbitrarily, we set t0 = 0. In order to determine
the unknown variables hk , xk and X̂ k (0), we add another condition under which each xk is located on Poincaré sections
Hk transverse to the periodic orbit. We write this condition
as
bk (xk ) = 0 for

k = 0, 1, · · · , M .

(33)

We can iteratively obtain approximate solutions of
{hk , xk , X̂ k (0)}k=0,1,··· ,M using Newton’s method for (13) and
(31) with (33). Using hk , we can determine tk and the period
T.
4.

Numerical Examples

This section shows some computed results using the proposed method “Method 2” for the Mathieu equations, the
FitzHugh-Nagumo equations, and a mathematical model for
plasma dynamics. In the following computations, sk in (13)
and (31) is fixed to h2k . We may expect that suitable choice
of sk can improve computed results, but this is left for future
works. Eigenvalues and eigenvectors of X k (T ) were computed using “geev” of LAPACK [1] and were used as initial
approximate solutions for “Method 2.”

Fig. 2 Computed results of the periodic orbits of the Mathieu equations
(7) by “Method 2.” T : the period. p: the parameter of the equations.

4.1 The Mathieu Equations
Figures 2(a) and (b) show the computed periodic orbits in
the state space and the corresponding time series of the
Mathieu equations (7) with p = 2, 20, and 40, respectively.
The equilibrium point xe is located at the origin in the state
T
k,
space. In these computations, T = 2π, M+1 = 50, tk = M+1
T
and hk = tk+1 − tk = M+1 (k = 0, 1, · · · , M). The convergence conditions (15) and (16) of “Method 2” were set to
δ1 = δ2 = 10−6 and the time increment Δt of the 4th order
Runge-Kutta method was set to Δt = 0.1.
Figure 2 shows that the periodic orbit with large p
moves near the equilibrium point xe slowly, and away from
xe quickly. In this situation, the ratio of the Floquet multipliers |λ1 /λ2 | (|λ1 | ≥ |λ2 |) becomes considerably large, and
“Method 1” can produce incorrect results as shown in Fig. 1.
On the other hand, the proposed method “Method 2” gives
more accurate results as shown in Fig. 3.
Equation (21) means the j-th Floquet multiplier λ j
(18) is equal to eigenvalues λ j,k of Xk (T ) (22) for k =
0, 1, · · · , M. However, numerical results of λ j,k can be different from each other. Thus we can use


1 
 max λ j,k − min λ j,k  ,
R(λ j ) =
(34)
0≤k≤M
|λ j,0 | 0≤k≤M
as an index of accuracy of the computed Floquet multipliers.
Figures 4(a) and (b) show R(λ j ) (|λ1 | ≥ |λ2 |) using “Method

Fig. 3 The Floquet multipliers λ j ( j = 1, 2) computed with “Method 2”
for the Mathieu equations (7). p: the parameter of the equations.

1” and “Method 2”, respectively. We can see that R(λ2 ) of
“Method 1” drastically increases with p, but that both R(λ1 )
and R(λ2 ) of “Method 2” are almost zero. These results
demonstrate eﬀectiveness of the proposed method “Method
2”.
4.2 The FitzHugh-Nagumo Equations
Figures 5(a) and (b) show the computed periodic orbits in
the state space and the corresponding time series of the
FitzHugh-Nagumo equations [6], [11] given by
dx
= y,
dt
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Fig. 4 Comparison of accuracy of the numerical results of the Floquet
multipliers λ j ( j = 1, 2) for the Mathieu equations (7). (a) and (b) compare
R(λ j ) defined by (34) of “Method 1” and “Method 2.” p: the parameter of
the equations.

dy
= qy + x (x − 1)(x − p) + z ,
dt
dz r
= x,
dt q

(35)

for p = −0.015, 0.01, and 0.015, respectively. This is a simple mathematical model of nerve axon dynamics. The equilibrium xe is located at the origin in the state space. In these
computations, q and r were fixed to q = 0.28288600873 and
r = 0.0025, M+1 = 25, the time increment Δt of the 4th order Runge-Kutta method was set to Δt = 0.1, and the convergence conditions for “Method 2” were set to δ1 = δ2 = 10−6 .
Similarly to the computed results of the Mathieu equations, Figs. 5(a) and (b) show that the periodic orbits with
large p slowly moves near the equilibrium xe and quickly
away from xe . Figure 6 shows the computed Floquet multipliers λ1 , λ2 and λ3 (|λ1 | ≥ |λ2 | ≥ |λ3 |) using “Method 2.”
We can see that the ratios |λ1 /λ2 | and |λ1 /λ3 | rapidly increase
with p. It should be noted that one of the Floquet multipliers
of this autonomous system must be equal to unity [10], and
that, in this case, the corresponding eigenvalue λu is λ2 .
Figure 7 compares R(λ j ) ( j = 1, 2, 3) defined by (34)
of “Method 1” and “Method 2.” As shown in Sect. 4.1,
R(λ j ) can be used as an index of accuracy of numerical results. Figures 7(a) and (b) show that the proposed method
“Method 2” gives more accurate results than “Method 1” in
this example. Using “Method 2,” R(λ j ) can be further reduced with severe convergence conditions.
Theoretically, one of the Floquet multipliers λu must be
equal to unity. Thus we can use
E(λu ) := |λu − 1| ,

Fig. 5 Computed results of the periodic orbits of the FitzHugh-Nagumo
equations (35) by “Method 2.” T : the period. p: the parameter of the
equations.

(36)

Fig. 6 The Floquet multipliers λ j ( j = 1, 2, 3) computed with “Method
2” for the FitzHugh-Nagumo equations (35). p: the parameter of the equations.

as an index of error of numerical results. Figures 8(a) and
(b) compare E(λu ) using “Method 1” and “Method 2.” We
can see that E(λu ) can be reduced using “Method 2” with
the small time increment Δt of the Runge-Kutta method, but
not using “Method 1.”
4.3 A Mathematical Model of Plasma Dynamics
Figures 9(a) and (b) show the computed periodic orbits in
the state space and the corresponding time series of a mathematical model of plasma dynamics [13] given by
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Fig. 7 Comparison of accuracy of the numerical results of the Floquet
multipliers λ j ( j = 1, 2, 3) for the FitzHugh-Nagumo equations (35). (a)
and (b) compare R(λ j ) defined by (34) of “Method 1” and “Method 2.” p:
the parameter of the equations.
Fig. 9 Computed results of the periodic orbits of the model of plasma
dynamics (37) by “Method 2.” T : the period. p: the parameter of the
model.

Fig. 10 The Floquet multipliers λ j ( j = 1, 2, 3) computed with “Method
2” for the model of plasma dynamics (37). p: the parameter of the model.

dz
2x2 − y2
= −q +
sin z ,
dt
x

Fig. 8 Comparison of errors of the unit Floquet multiplier λu (= λ2 ) for
the FitzHugh-Nagumo equations (35). p: the parameter of the equations.
E(λu ): the error defined by (36). Δt : the time increment of the 4th order
Runge-Kutta method.

dx
= x + y2 cos z ,
dt
dy
= −y(p + x cos z) ,
dt

(37)

for p = 3, 4, and 4.5, respectively. In these computations, q
was fixed to q = 2, M+1 = 100, the time increment Δt of the
4th order Runge-Kutta method was set to Δt = 0.05, and the
maximum iteration number νmax of Newton’s method was
set to νmax = 15, respectively.
Figure 10 shows the Floquet multipliers computed by
“Method 2.” Since this is the autonomous system, the eigenvalue λu (= λ1 in this example) corresponding to unity is
included. Figure 11 compares R(λ j ) defined by (34) which
can be used as an index of accuracy of numerical results.
We can see that “Method 2” gives much better results than
“Method 1.” Figures 12(a) and (b) show the error E(λu ) of
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not so large as those of the FitzHugh-Nagumo equations for
which “Method 2” worked very eﬀectively.
These results suggest that the proposed method
“Method 2” yields more accurate Floquet multipliers than
“Method 1,” in particular, when the ratios of the Floquet
multipliers are large. The critical point of “Method 2” is to
iteratively compute eigenvectors of X k (T ) with enough accuracy. In this work, R(λ j ) defined by (34) and E(λu ) defined
by (36) are used as indices of error of numerical results.
These indices give necessary conditions, but not suﬃcient
conditions, for accuracy of computed Floquet multipliers.
We may further investigate accuracy of numerical solutions
using the proposed method, for example, following the idea
of numerical verification methods [3], [14], [16]. This remains as future works.
5.

Fig. 11 Comparison of accuracy of the numerical results of the Floquet
multipliers λ j ( j = 1, 2, 3) for the model of plasma dynamics (37). (a) and
(b) compare R(λ j ) defined by (34) of “Method 1” and “Method 2.” p: the
parameter of the model.

Conclusions

This paper has considered a numerical method for stability analysis of periodic orbits of ordinary diﬀerential equations. Stability of periodic orbits is determined by the Floquet multipliers, namely, eigenvalues of matrix solutions of
the corresponding variational equations. We have proposed
a new iterative method to solve the variational equations and
compute the Floquet multipliers. The keys are to utilize a
property of solutions of the variational equations and to use
the eigenvectors corresponding to the Floquet multipliers as
initial condition for the variational equations. Numerical
examples show that the proposed method works very well,
in particular, when the ratios of the Floquet multipliers are
large.
Acknowledgments
The authors are indebted to reviewers for enlightful comments. We would like to thank Dr. Hirosuke Yamamoto of
the University of Tokyo for his very kind support.
References

Fig. 12 Comparison of errors of the unit Floquet multiplier λu (= λ1 ) for
the model of plasma dynamics (37). p: the parameter of the model. E(λu ):
the error defined by (36). Δt: the time increment of the 4th order RungeKutta method.

λu defined by (36).
In this example, we cannot find critical diﬀerences of
E(λu ) between “Method 1” and “Method 2.” This may result
from gradual time variations of the periodic orbits shown
in Fig. 9(b). Then the ratios of the Floquet multipliers are

[1] E. Anderson, Z. Bai, C. Bischof, S. Blackford, J. Demmel,
J. Dongarra, J. Du Croz, A. Greenbaum, S. Hammarling, A.
McKenney, and D. Sorensen, LAPACK Users’ guide, Society for
Industrial and Applied Mathematics Philadelphia, PA, USA, 1999.
[2] A. Bojanczyk, G. Golub, and P. van Dooren, “The periodic schur
decomposition: Algorithms and applications,” Proc. SPIE — The
International Society for Optical Engineering, vol.1770, pp.31–42,
1992.
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